We present a symplectic integrator, based on the canonical midpoint rule, for classical spin systems in which each spin is a unit vector in R 3 . Unlike splitting methods, it is defined for all Hamiltonians, and is O(3)-equivariant. It is a rare example of a generating function for symplectic maps of a noncanonical phase space. It yields an integrable discretization of the reduced motion of a free rigid body.
Symplectic integrators are widely used in computational physics [1, 2] . For canonical Hamiltonian systems, with phase space R 2n and canonical coordinates (q i , p i ), many methods are available. They fall into two main classes: explicit methods, based on splitting the Hamiltonian into integrable terms and composing their flows, and implicit methods, typically based on generating functions. (Discrete Lagrangians can generate both types of method.) The leapfrog or Störmer-Verlet method, almost universally used in molecular dynamics, is an example of an explicit method, and the midpoint rule x n+1 = x n + (∆t)f ((x n + x n+1 )/2) is an example of an implicit method forẋ = f (x), x ∈ R N . The implicit midpoint rule has a number of striking features: (i) it is defined for all Hamiltonians in a uniform way (splitting methods are only defined for separable Hamiltonians); (ii) it conserves quadratic invariants; (iii) it is equivariant with respect to all affine maps of phase space (that is, it is intrinsically defined on the affine phase space and does not depend on the choice of affine coordinates; it does not require canonical coordinates); (iv) it preserves all affine symmetries and foliations; (v) it is unconditionally stable for linear systems, which confers somewhat improved stability for nonlinear systems; (vi) it is self-adjoint under t → −t and preserves all affine time-reversing symmetries; (vii) it is symplectic for all constant symplectic structures, Poisson for all systems with constant Poisson structure, and pre-symplectic for all systems with constant pre-symplectic structure [3] [4]; and (viii) it is a Runge-Kutta method, which allows the application of an extensive body of numerical analysis including forward and backward error analysis and the construction of the modified (numerical) Hamiltonian. The implicit midpoint rule is an instance of a symplectic map associated with the Poincaré generating function [5, vol N , the equations of motion take the formṡ
The system (1) can also be regarded as a Lie-Poisson system on the dual of the Lie algebra so (3) N in which the original phase space is one coadjoint orbit. Spin systems include the classical limit of quantum (e.g. Heisenberg) spin chains, (discretizations of) the LandauLifshitz equation of micromagnetics [6] , and point vortices on the sphere [7] . Single-spin systems include the reduced motion of the free rigid body [8] and the motion of a particle advected by an incompressible 2D fluid on a sphere.
Symplectic integrators are known for some noncanonical Hamiltonian systems. The most commonly used approach is splitting [9] [10] [11] [12] [13] [14] ; as in the canonical case, this requires the Hamiltonian to have a special structure and the splitting to be designed by hand. Current generalpurpose methods for Lie-Poisson systems for general Hamiltonians tend to be complicated and involve implicit equations involving infinite series of Lie brackets [15] [16] [17] and/or extra variables [18, 19] . The most compact formulation known up to now uses the midpoint rule applied to a canonical 4-dimensional suspension (via the Hopf map) of so (3) * [20] . The midpoint rule itself is not symplectic when applied to spin systems (1); this was noted already in the single spin case in [21] . However, it is O(3)-equivariant and does preserve the spin lengths s i 2 . In general, there is a lack of generating functions-the most fundamental tool in classical mechanics-for noncanonical phase spaces. Our main result is the following. Theorem 1. Let H be constant on rays, i.e., H(c 1 s 1 , . . . , c n s N ) = H(s 1 , . . . , s N ) for all c 1 , . . . , c N ∈ R. Then the midpoint rule applied to the spin system (1) either on the dual of so (3) N or on (S 2 ) N is symplectic.
Proof. We establish the result for N = 1 only; the proof for N > 1 is similar and is presented in [22] . First note that (i) the midpoint rule preserves the symplectic leaves because they are the level sets of the quadratic function s 2 , and (ii) the assumption on H means that the vector field of the spin system (1) is constant on rays. Next we determine how the midpoint rule s 0 → s 1 acts on 1-forms when applied to an arbitrary ODEṡ = f (s)
We will show that the midpoint rule preserves the Poisson
In the Lie-Poisson case, K(s) is linear in s and so linearity in all three arguments gives K(s 1 )(α 1 ,
The last three terms are all O(∆t) and hence sum to 0 by consistency of the method; explicitly, their summing to zero is the condition thatŝ be an infinitesimal Poisson automorphism, which, byŝ = ∆tf (s), it is. For the spin system (1),
, and −f * β are all orthogonal tos: f (s), because it is tangent to S 2 , and −f * ᾱ and −f * β , because s, −f (s) * ᾱ = − f (s) * s ,ᾱ , which is zero because f is constant on rays through the origin. Thus, the method is Poisson and preserves the symplectic leaves, thus it is symplectic on the dual of so(3); hence also symplectic on S 2 .
Corollary 2. Letṡ i = f (s 1 , . . . , s N ) be a spin system. Then
Proof. Let H : (S 2 ) N → R be the Hamiltonian of the spin system. Extend the domain of H to (R 3 ) N so that H is constant on rays. The spin system of the extended H can then be calculated to be constant on rays, giving (2). Corollary 3. Letṡ i = f (s 1 , . . . , s N ) be a Lie-Poisson system on (so (3) N ) * . Then
, is a coadjoint-orbitpreserving Poisson integrator for f .
Proof. The previous construction can be followed for any coadjoint orbit s i 2 = c i , yielding a symplectic integrator for that orbit in which the vector field is evaluated at the midpoint projected radially onto the orbit. The σ i ensure that the projection is to the correct coadjoint orbit. The map (3) thus preserves the coadjoint orbits and is symplectic on each of them, hence Poisson.
The midpoint rule for spin systems introduced here inherits many features of the original Euclidean midpoint rule. Proof. A direct calculation shows that the radiallyprolonged vector field on (R 3 ) N has the same properties in the given cases as the original vector field on (S 2 ) N .
Corollary 5. The midpoint rules (2,3) yield completely integrable discretizations of the free rigid body with N = 1, moments of inertia I 1 , I 2 , I 3 , and
Proof. The Hamiltonian H, total angular momentum s 2 , and area are all preserved, so the map is integrable.
The hugely influential Moser-Veselov discretization of the N -dimensional free rigid body [23] , and more generally of any Lie-Poisson system on the dual of the Lie algebra g of G, suspends the continuous Lagrangian to T G and constructs a discrete Lagrangian on G × G. G is embedded in a linear space of matrices and angular velocitiesQ are discretized by (Q n+1 − Q n )/(∆t). The final algorithm requires solving nonlinear equations in G (SO(3) for the free rigid body, SO (3) N for spin systems) and is closely related to the rattle method of molecular dynamics [1, 19] . Remarkably, the discretization is completely integrable for many systems including the free rigid body. It also describes the eigenstates of certain quantum spin chains. Its relationship to other integrable discrete physics models, which typically do not arise from a simple variational principle, is not clear. In this context the result of Cor. 5, describing a different integrable discrete version of the free rigid body, arising not from a variational principle but from a standard numerical integrator, related to the fundamental Poincaré generating function for canonical systems, is striking.
The methods (2, 3) are the first equivariant symplectic integrators for spin systems that do not contain auxiliary variables. Since the spin lengths s i are preserved, effectively the method requires the solution of 2N nonlinear equations per step, which is just the dimension of the phase space. Not only are (2,3) very simple, they do not depend on or even require a formula for f : in some applications, for example to the advection of particles by an incompressible fluid on the sphere, f may be provided by a 'black box' which may involve experimental data, local or global interpolation, or the output of a separate CFD code. Further details and properties of the method, including its connection to collective symplectic integrators and Riemannian integrators, and numerical experiments, may be found in [22] .
The methods extend in the obvious way to arbitrary spin-liquid systems [13] with phase space (T * R 3 × S 2 ) N . The method can be generalized to yield symplectic integrators for Nambu-type systemsṡ i = ∇C i (s i ) × ∇ i H(s 1 , . . . , s N ) , where each C i is a homogeneous quadratic [22] ; the phase space is a product of classical conic sections. It is an open question as to for which symplectic manifolds such an integrator (or generating function) exists.
